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1 Introduction
T-duality is one of the most important key ingredients of the gravity theory beyond general
relativity which may be the superstring theory. The T-duality was realized manifestly by
doubling coordinates firstly in [1–3]. T-duality covariant Lie bracket proposed in [1–3]
is turned out to be reduced into the Courant bracket introduced in [4, 5] to describe
generalized geometry. Supersymmetric extension of T-duality symmetry with Ramond-
Ramond (R-R) fields has been studied in [6–10]. This subject is broaden in [11–14] and its
recent development is in review articles for example [15–17].
A superspace approach of type II supergravity theories with manifest T-duality has
been proposed in [18, 19]. Supergravity theories were constructed in superspace with
almost all symmetries manifest except T-duality symmetry in [20–22]. Our superspace
involves two kinds of doubling in order to realize manifest T-duality: (1) Nondegener-
ate algebra by introducing nondegenerate pairs of generators such as (Dµ, Ω
µ) [23–26]
and (Smn, Σ
mn) [27–31], (2) Double coordinate space by using momenta and winding
modes such as (Pm, Pm′) [1–3]. The doubling (1) is required from consistency of the
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stringy general coordinate invariance. The Lorentz generator and its nondegenerate part-
ner (Smn, Σ
mn) are also basis in order to make Lorentz connection to be a part of the
vielbein fields [31]. It may be useful for writing T-duality on the worldsheet. It is also
possible to write the WZ term as bilinears of currents for arbitrary backgrounds. This
doubling is resolved by dimensional reduction constraints. Double coordinate space (2)
realizes a simpler and unified treatment of torsion constraints and vielbein. This doubling
is resolved by imposing the section condition and the strong constraint.
In this paper we include the R-R gauge fields to complete the construction of the
superspace of the type II supergravity. The R-R gauge fields are necessary as a type
II superstring background, although a superstring does not carry R-R charges. The R-R
gauge fields couple to Dp-branes, where p is even for type IIA and odd for type IIB theories.
Brane charges are included by central extension of superalgebras [32–35]. Usually these
brane algebras are realized on worldvolumes. Their generalized Lie bracket and gauge
transformations of brane gauge fields are obtained in [36–38]. In this paper the R-R
charges, denoted by Υµν′ , are introduced by central extension of a superstring algebra.
Or equivalently Υµν′ is introduced in an affine algebra for the double coordinate space by
central extension. This central charge Υµν′ is constrained to be zero on the superstring
worldsheet, but Υµν′ is necessary to describe the R-R gauge fields and its gauge symmetries.
Inclusion of the R-R fields distinguishes T-duality between IIA and IIB superstring
theories in our formalism. Under a discrete T-duality transformation IIA theory and IIB
theory are interchanged and a Dp-brane changes to a D(p ± 1)-brane. This is explained
from the type II superstring algebra in double space as follows: there are two irreducible
supertranslation algebras in a type II superstring theory
{Dµ, Dν} = 2Pmγ
m
µν , {Dµ′ , Dν′} = 2Pm′γ
m′
µ′ν′
Pm = pm + ∂σx
m , Pm′ = pm − ∂σx
m .
Usual Lorentz vector index is denoted by pm. Since in our approach two independent
Lorentz generators are used, Smn for Pm and Dµ and Sm′n′ for Pm′ and Dµ′ , two chiralities
of two chiral spinors Dµ and Dµ′ are not fixed. The type of theories, IIA or IIB, is
determined after reducing two Lorentz symmetries into one Lorentz symmetry. A discrete
T-duality transformation in n-th direction, which is an interchange between pn and ∂σx
n,
is expressed in terms of an unit vector nm = δmn and nm
′
= δm
′
n as
Pm → Pm , Pm′ → Pm′ − 2nm′ (n
l′Pl′) .
It requires a change of chirality of Dµ′ as
Dµ → Dµ , Dµ′ → iDν′/n
ν′µ′ , /n = nn′γ
n′ .
The chirality of (D/n)µ
′
is opposite to the one of Dµ′ , since /n anticommute with Γ
11. This
is a parity transformation which is part of O(d−1,1)×O(d−1,1). The R-R charge Υµν′
appears in a superalgebra between Dµ and Dµ′ . The R-R charge Υµν′ is transformed
under the discrete T-duality as
{Dµ, Dν′} = 2Υµν′ → {Dµ, (D/n)
ν′} = 2(Υ /n)µ
ν′ .
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The R-R charges (Υ/n)µ
ν′ have different form numbers from Υµν′ , when they are expanded
by antisymmetric gamma matrix basis after the dimensional reduction. The form number
is equal to p for Dp-brane.
In this paper we extend the manifestly T-duality formalism of type II superspace [18]
to the one with the R-R gauge fields. It requires the following new procedures;
• Central extension of the affine Lie algebra
• Torsion constraints from κ-symmetric Virasoro constraints and Bianchi identities
involving R-R charges
• Field identification and solving torsion constraints including R-R fields
in addition to the previous procedures;
1. Construct an affine Lie algebra and double the generators.
2. Make covariant derivatives with the vielbein field EA
M .
3. Find torsion constraints from κ-symmetric Virasoro constraints and Bianchi identi-
ties.
4. Solve torsion constraints with constraints for dimensional reduction and the isotropy
group in addition to the section conditions (the strong constraint).
(a) Section conditions (the strong constraint): the section constraints (6.2) reduce
doubled coordinates to half. These constraints give rise to the stringy contribu-
tion in the “new Lie derivative” [1–3, 18].
(b) Isotropy constraints: the isotropy group constraints are usual gauge constarints
for a gauged coset model; such as Lorentz group parts Smn = Sm′n′ = 0 for
Poincare´ groups [18, 31].
(c) Dimensional reduction constraints: dimensional reduction constraints are im-
posed on the unphysical symmetry currents to remove auxiliary coordinates
which are introduced to make nondegenerate group metric; such as Ω˜µ = Ω˜µ
′
=
Σ˜mn = Σ˜m
′n′ = 0 [18, 26, 31, 48].
The organization of the paper is the following: in next section the R-R charges are
introduced by a central extension of the affine Lie algebra. In section 3 κ-symmetric Vi-
rasoro constraints involving the R-R charges are obtained. In section 4 torsion constraints
are determined from the κ-symmetric Virasoro constraints and Bianchi identities. Compo-
nents of the supervielbein field are identified with the supergravity contents including the
R-R gauge fields. Torsion constraints are solved. In section 5 a Green-Schwarz superstring
action in a manifestly T-duality formalism is given. The Wess-Zumino term is given in a
bilinear form of currents and equations of motion are chirally separated in a suitable gauge.
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2 Algebras
In this paper we construct a superspace for the type II superstring background. The
superspace is defined by affine nondegenerate double super-Poincare´ algebras with the R-R
central charges. Notation follows our previous paper [18]. After a central extension of a
Lie algebra, its affine extension is presented.
2.1 Central extension of type II super-Poincare´ algebra
We begin by two independent sets of super-Poincare´ algebras generated by pm, smn with
m=0,1,··· ,9 and dµ with µ=1,··· ,16 for left and pm′ , sm′n′ with m′=0,1,··· ,9 and dµ′ with µ′=1,··· ,16
for right. A central extension of the double super-Poincare´ algebras is performed by intro-
ducing R-R charges denoted by “Υµν′” in an anticommutator between dµ and dµ′ . “Υµν′”
carries mixed left and right indices.
Generators of two sets of super-Poincare´ algebras including Υµν′ are denoted by GI .
Its affine extension requires nondegenerate metric. The metric between pm’s and pm′ ’s are
usual metrics ηmn and ηm′n′ . In order to define a nondegenerate metric for GI except pm
and pm′ we introduce GI˜ :
dim. 0 12 1 1
GI smn, sm′n′ dµ, dµ′ Υµν′ pm, pm′
dim. 2 32 1
GI˜ σ
mn, σm
′n′ ωµ, ωµ
′ µν′
(2.1)
The sum of dimensions of a nondegenerate pair of generators is 2. Dimensions of GI are
not greater than 1, while dimensions of GI˜ are not less than 1. The nondegenerate partner
of the R-R central charge, Υµν′ , is denoted by “
µν′ (digamma)”.
A double super-Poincare´ algebra with central extension is generated by GI
dim 0 : [smn, slk] = −iη[k|[msn]|l] [sm′n′ , sl′k′ ] = iη[k′|[m′sn′]|l′]
dim 12 : [smn, dµ] = −
i
2(dγmn)µ [sm′n′ , dµ′ ] =
i
2(dγm′n′)µ′
dim 1 : [smn, pl] = −ip[mηn]l [sm′n′ , pl′ ] = ip[m′ηn′]l′
[smn,Υµν′ ] = −
i
2Υρν′(γmn)
ρ
µ [sm′n′ ,Υµν′ ] =
i
2Υµρ′(γm′n′)
ρ′
ν′
{dµ, dν} = 2pmγ
m
µν
{
dµ′ , dν′
}
= −2pm′γ
m′
µ′ν′
{dµ, dν′} = 2Υµν′ . (2.2)
The gamma matrices satisfy
(γm)µν = (γ
m)νµ , (γ
(m|)µρ(γ|n))ρν = 2η
mnδµν , (γm)(µν(γ
m)ρ)λ = 0 .
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The rest of the commutators including generators of GI˜ is given by
dim 1 : [smn,
µν′ ] = i2(γmn)
µ
ν
νν′ [sm′n′ ,
µν′ ] = − i2(γm′n′)
ν′
µ′
µµ′
dim 32 : [smn, ω
µ] = i2(γmnω)
µ [sm′n′ , ω
µ′ ] = − i2(γm′n′ω)
µ′
[dµ, pn] = 2(γnω)µ [dµ′ , pn′ ] = −2(γn′ω)µ′
[dµ,
νν′ ] = −2δνµω
ν′ [dµ′ ,
νν′ ] = 2δν
′
µ′ω
ν
dim 2 : [smn, σ
lk] = −iδ
[k
[mσn]
l] [sm′n′ , σ
l′k′ ] = iδ
[k′
[m′σn′]
l′]
{dµ, ω
ν} = − i4σ
mn(γmn)
ν
µ {dµ′ , ω
ν′} = i4σ
m′n′(γm′n′)
n′uµ′
[pm, pn] = iσmn [pm′ , pn′ ] = −iσm′n′
[ µν
′
,Υνµ′ ] =
i
4
(
δµνσm
′n′(γm′n′)
ν′
µ′ + δ
ν′
µ′σ
mn(γmn)
µ
ν
)
(2.3)
2.2 Central extension of affine type II super-Poincare´ algebra
An affine extension of (2.2) and (2.3) is presented in this subsection. Generators of the
affine Lie algebra are classified by the canonical dimensions as:
dim. 0 12 1
3
2 2
⊲˚M Smn, Sm′n′ Dµ, Dµ′ Υµν′ , Pm, Pm′ ,
µν′ Ωµ, Ωµ
′
Σmn, Σm
′n′
(2.4)
They satisfy
[ ⊲˚M (1), ⊲˚N (2)} = −ifMN
K
⊲˚Kδ(2− 1)− iηMN∂σδ(2− 1) , (2.5)
where the structure constant fMN
K is given by (2.2) and (2.3). The nondegenerate metric
ηMN is given as:
ηMN =
S
D
Υ
P
Ω
Σ


1S
1D
1Υ
1P
1Υ
−1D
1S


,
1S =

 δl[mδkn]
−δl
′
[m′δ
k′
n′]


1D =

 δνµ
−δν
′
µ′


1Υ = δ
ν
µδ
ν′
µ′
1P =

 ηmn
−ηm′n′


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The affine nondegenerate super-Poincare´ algebra in components is given by
dim 0 : [Smn(1), Slk(2)] = −iη[k|[mSn]|l]δ(2− 1)
dim 12 : [Smn(1), Dµ(2)] = −
i
2(Dγmn)µδ(2− 1)
dim 1 : [Smn(1), Pl(2)] = −iP[mηn]lδ(2− 1)
{Dµ(1), Dν(2)} = 2Pmγ
m
µνδ(2− 1)
dim 32 : [Smn(1),Ω
µ(2)] = i2(γmnΩ)
µδ(2− 1)
[Dµ(1), Pn(2)] = 2(γnΩ)µδ(2− 1)
dim 2 : [Smn(1),Σ
lk(2)] = −iδ
[k
[mΣn]
l]δ(2− 1) + iδl[mδ
k
n]∂σδ(2− 1)
{Dµ(1),Ω
ν(2)} = − i4Σ
mn(γmn)
ν
µδ(2− 1) + iδ
ν
µ∂σδ(2− 1)
[Pm(1), Pn(2)] = iΣmnδ(2− 1) + iηmn∂σδ(2− 1)
(2.6)
Commutators with dimension greater than 2 are zero. The right currents (S′, D′, P ′,Ω′,Σ′)
satisfy the same algebra with opposite sign in the right hand sides.
Algebras involving the R-R charges Υµµ′ and
µµ′ are the followings:
dim 1 : [Smn(1),
µν′(2)] = i2(γmn)
µ
ν
νν′δ(2− 1)
[Sm′n′(1),
µν′(2)] = − i2(γm′n′)
ν′
µ′
µµ′δ(2− 1)
[Smn(1),Υµν′(2)] = −
i
2Υνν′(γmn)
ν
µδ(2− 1)
[Sm′n′(1),Υµν′(2)] =
i
2Υµµ′(γm′n′)
µ′
ν′δ(2− 1)
{Dµ(1), Dν′(2)} = 2Υµν′δ(2− 1)
dim 32 : [Dµ(1),
νν′(2)] = −2δνµΩ
ν′δ(2− 1)
[Dµ′(1),
νν′(2)] = 2δν
′
µ′Ω
νδ(2− 1)
dim 2 : [ µν
′
(1),Υνµ′(2)] =
i
4
(
δµνΣm
′n′(γm′n′)
ν′
µ′ + δ
ν′
µ′Σ
mn(γmn)
µ
ν
)
δ(2− 1)
+iδµν δν
′
µ′∂σ(2− 1)
(2.7)
Commutators with dimension greater than 2 are zero.
3 κ-symmetric Virasoro constraints
As the Virasoro constraint restricts string backgrounds, the κ-symmetry constraint together
with the Virasoro constraint restrict superstring backgrounds [39]. The κ-symmetry at the
first quantized level guarantees the number of degrees of freedom of fermionic coordinates,
while the κ-symmetric Virasoro constraint guarantees the physical degrees of freedom of
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the background fields. It was also shown that the κ-symmetric Virasoro algebra restricts
torsions in a superspace [40, 41]. This restriction was presented for the manifestly T-dual
type II superspace [18]. In this section consistency of the κ-symmetry is examined from
the fermionic constraints of the Green-Schwarz superstring. Then κ-symmetric Virasoro
constraints are obtained.
3.1 κ-symmetry
In the Green-Schwarz formalism fermionic constraints, Dµ = (Dµ, Dµ′) = 0, are mixed
constraints of first class and second class, where the first class constraints generate the
κ-symmetry. In order to preserve this structure an anticommutator between two fermionic
constraints must have zero determinant,
{Dµ, Dν} = Ξµν , Ξµν = 2
(
/Pµν Υµν′
Υνµ′ −/Pµ′ν′
)
, det Ξµν = 0 (3.1)
with /P = Pmγ
m. Ξµν must have rank 16 and it has 16 independent zero eigen vectors.
Zero eigen matrix of Ξµν is chosen with a constant α as
Ξ¯µν =
(
/Pµν α µν
′
α νµ
′
/Pµ
′ν′
)
, (3.2)
then it satisfies
ΞµνΞ¯
νλ ≈ 0 ⇔


PmP
m + α16trΥ = 0
Pm′P
m′ − α16trΥ = 0
Υµν′
νν′ |trls = Υµµ′
µν′ |trls = 0
Υµµ′/P
µ′ν′ + α/Pµν
νν′ = 0
/PµνΥνν′ − α
µµ′/Pµ′ν′ = 0
(3.3)
The first and second lines of (3.3) are Klein-Gordon operators and the last two lines are
Dirac-Ka¨hler operators. The term trΥ becomes BPS mass for D-branes where Υ and
take D-brane volume forms [36–38]. The κ-symmetry constraints are obtained as
B
µ
0 = DνΞ¯
νµ =


Bµ0 = Dν/P
νµ + αDν′
µν′ = 0
Bµ
′
0 = Dν′/P
ν′µ′ + αDν
νµ′ = 0
(3.4)
so that they are first class
{B
µ
0 ,B
ν
0} = 2Ξ¯
µρ Ξρλ Ξ¯
λν + (D, DD constraints) ≈ 0 . (3.5)
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In this paper we focus on background solutions which couple to superstrings not D-
branes, so we impose an additional constraint
Υµν′ = 0 . (3.6)
Consistency with (3.3) and (3.6), {Υ,ΞΞ¯} ≈ 0, leads to α = 0. This gives massless
conditions:
ΞµνΞ¯
νλ ≈ 0 ⇔


PmP
m = 0
Pm′P
m′ = 0
(3.7)
Although it reduces to the same algebra with the κ-symmetric Virasoro algebra without
central extension, µν
′
is necessary to introduce the R-R gauge field.
3.2 κ-symmetric Virasoro constraints
The σ-diffeomorphism constraint is given by
Hσ =
1
2
⊲˚Mη
MN
⊲˚N (3.8)
=
1
2
PmP
m −
1
2
Pm′P
m′ +ΩµDµ − Ω
µ′Dµ′ +
1
2
ΣmnSmn −
1
2
Σm
′n′Sm′n′ +
µν′Υµν′
satisfying
[Hσ(σ),Hσ(σ
′)] = −i
(
2Hσ(σ)∂σδ(σ − σ
′) + ∂σHσδ(σ − σ
′)
)
. (3.9)
The commutator with Hσ gives σ derivatives of operators, for example
[
O(σ), i
∫
Hσ
]
=
∂σO(σ). The τ -diffeomorphism constraint is given by
Hτ =
1
2
⊲˚M ηˆ
MN
⊲˚N (3.10)
=
1
2
PmP
m +
1
2
Pm′P
m′ +ΩµDµ +Ω
µ′Dµ′ +
1
2
ΣmnSmn +
1
2
Σm
′n′Sm′n′
where a metric ηˆMN is defined as:
ηˆMN =
S
D
Υ
P
Ω
Σ


1ˆS
1ˆD
0
1ˆP
0
−1ˆD
1ˆS


,
1ˆS =

 δl[mδkn]
δl
′
[m′δ
k′
n′]


1ˆD =

 δνµ
δν
′
µ′


1ˆP =

 ηmn
ηm′n′


(3.11)
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Hσ = Hτ = 0 are essentially massless constraints in two spaces given in (3.7) if we use first
and second class constraints, Dµ = Dµ′ = 0 and Smn = Sm′n′ = Υµν′ = 0. They satisfy
the following Virasoro algebra
[Hσ(1),Hτ (2)] = i(Hτ (1) +Hτ (2))∂σδ(2− 1)
[Hτ (1),Hτ (2)] = i {(Hσ − tr Υ)(1) + (Hσ − tr Υ)(2)} ∂σδ(2− 1)
[Hσ(1),Υµν′(2)] = iΥµν′(1)∂σδ(2− 1) +
i
4
(δρµ/Σ
ρ′
ν′ + δ
ρ′
ν′/Σ
ρ
µ)Υρρ′δ(2− 1)
[Hτ (1),Υµν′(2)] = 0 (3.12)
with /Σ = Σmnγ
mn. Other constraints except Hσ do not include
µν′ so they commute with
Υ, such as Υµν′ = 0 and Smn = Sm′n′ = 0.
A consistent set of κ-symmetric Virasoro constraints are(
Hτ , Hσ, B
µ, Bµ
′
, Smn, Sm′n′ , Υµν′ , Cµν , Cµ′ν′ , Dm, Dm′
)
= 0 . (3.13)
CD constraints are constructed by bilinears of Dµ and Dµ′ . ABCD constraints make a
closed algebra as same as the one without central extension up to the Υ = 0 constraints
given in [18]. ABCD constraints are extended to curved backgrounds as shown in [18]. The
κ-symmetric Virasoro algebras for flat left and flat right with Υ and are given as
A =
1
2
PmP
m +ΩµDµ +
1
2
ΣmnSmn +
1
2
µν′Υµν′
Bµ = Dν/P
νµ − iSmn(γ
mnΩ)µ
A′ =
1
2
Pm′P
m′ +Ωµ
′
Dµ′ +
1
2
Σm
′n′Sm′n′ −
1
2
µν′Υµν′
Bµ
′
= Dν′/P
ν′µ′ − iSm′n′(γ
m′n′Ω)µ
′
4 Torsion and vielbein
Now we examine superstring backgrounds by introducing the vielbein field. Simplification
occurs by the central extension of Υµν′ among several results following our previous pa-
per [18]. The vielbein field includes the R-R gauge fields as well as R-R field strengths.
Gauge transformation rules and solutions of torsion constraints are presented. We identify
type II supergravity fields to vielbein field components EA
M .
4.1 Torsion constraints
Covariant derivatives in curved backgrounds are written in terms of vielbein fields as
⊲A = EA
M (ZN ) ⊲˚M
[⊲A, ⊲B} = −iTAB
C
⊲Cδ(2− 1)− iηAB∂σδ(2− 1) . (4.1)
The manifestly T-dual formulation allows to impose an orthonormal condition on the viel-
bein field. It results the second term of the right hand side of (4.1) as
EA
MηMNEB
N = ηAB , ηMN = ηAB . (4.2)
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Torsions and Bianchi identities with lower indices are totally graded antisymmetric
TABC = TAB
DηDC =
1
3!
T[ABC) =
1
2
(D[AEB
M )EC)M + EA
MEB
NEC
LfMNL
IABCD =
1
4!
I[ABCD) = D[ATBCD) +
3
4
T[AB
ETCD)E = 0 (4.3)
with DA = EA
MDM and fMNL = fMN
KηKL is the structure constant in (2.5). Graded
antisymmetrization is denoted as O[AB) = OAB − (−)
ABOBA.
The Bianchi identity and the consistency of the κ-symmetry determine a set of torsion
constraints. Indices are abbreviated as Va = VPa , Va = (VPa , VPa′ ), Vα = VDα , Vα =
(VDα , VDα′ ). We impose torsion constraints for Lorentz indices as
TSAB = fSAB . (4.4)
Then torsions with two Pa’s indices, Tab
M , are absorbed into EΣ
M as
[⊲a, ⊲b] = Tab
A
⊲A → fab
Σ
⊲Σ = fabSEΣ
MZM . (4.5)
For superspaces with fermionic constraints, most of torsions with dimension lower than
1 are structure constants or zero. A supercurvature TαβΣ is absorbed into vielbein EcΣ
as fαβ
cEcΣ. The supercurvature Rαβ′
cd = TαβΣ, which was nonzero for AdS space, is
absorbed into vielbein after introducing Υµν′ as
{⊲α, ⊲β′} = Tαβ′ΣS → fαβ′
ΥEΥΣS . (4.6)
A dimension 1 torsion Tα′a
γ , which was nonzero without Υµν′ , becomes zero from the
Bianchi identity Iαα′ab = 0 in (4.3) with help of TabΥ = 0 in (4.5).
– 10 –
J
H
E
P
0
2
(
2
0
1
5
)
1
3
4
Trivial and non-trivial torsions are listed as follows:
dim zero nonzero
−1/2 Tαβγ , Tαβγ′ NONE
0
Tαβc − fαβc, Tαβ′ − fαβ′
TabS − fabS , Tα
β
S − fα
β
S
TΥ S − fΥ S , TαβΥ, Tα
β′
S
Tαβc′ , Tαβ′c, Tαβ , Tab′S ,
NONE
1/2
Tαβ
γ , Tαbc, Tαb′c′ , TαbΥ, Tαb
, TαΥΥ, TαΥ , Tα
NONE
1
Tαb
γ , TαΥ
γ , Tα
γ , TαβΣ,
Tabc, TabΥ, Tab , TaΥΥ, TaΥ , Ta
TΥΥΥ, TΥΥ , TΥ , T
NONE
3/2 Tα
βγ , Tab
γ , TαbΣ, Tα Σ, Ta
β , TaΥ
β′ , TΥ
β
Tα′bΣ ∼ TαΥΣ ∼ TaΥ
α
Tab′
β ∼ Tαb′Σ ∼ Tα′ΥΣ
∼ TΥΥ
β ∼ Ta
β′ ∼ T β
2 Tα
β′
Σ′ , TΥ
αβ , TaΥΣ, T Σ
TabΣ ∼ Tα
β
Σ ∼ Ta
αβ
Ta′b′Σ ∼ Tα
β
Σ′ ∼ TΥ
αβ′
Ta
αβ′ ∼ Tα
β′
Σ ∼ Ta′Υ
Tab′Σ ∼ Ta
α′β′
Ta Σ ∼ T
αβ
T αβ
′
, TΥΥΣ, TΥ Σ
(4.7)
The same relation holds for primed indices. This formalism allows a simple treatment
where all torsions with dimension 1 and less are structure constants otherwise zero.
4.2 Vielbein
Vectors in the space Λˆi = Λi
M
⊲˚M satisfy the following supersymmetric Lie bracket in the
manifestly T-dual formulation which is obtained from zero-mode of (2.5)[
Λˆ1, Λˆ2
]
T
= −iΛˆ12 (4.8)
Λ12
M = Λ[1
N (DNΛ2]
M )−
1
2
Λ[1
N (DMΛ2]N ) + Λ1
NΛ2
LfNL
M + kΛ(1
N (DMΛ2)N )
with arbitrary number k which arises from an ambiguity of ∂σδ(σ). The vielbein field
EˆA = EA
M
⊲˚M has gauge symmetry generated by the manifestly T-dual bracket given in
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(4.8) with k = −1/2.
δΛEˆA = i
[
EˆA, Λˆ
]
T
δΛEAM = DAΛM − Λ
N (DNEAM )− EA
N (DMΛN ) + EA
NΛLfNLM (4.9)
with ΛM = Λ
NηNM .
In order to identify components of the supervielbein field with the field content of
type II supergravity, dimensional reduction of two Lorentz degrees of freedom into one
local Lorentz degree of freedom is realized as Smn+(−Sm′n′)→ Smn. Momentum/winding
coordinates, pm/∂σx
m, related to the left/right coordinates Pm, Pm′ as Vm = (Vm+Vm′)/2
and V m = (Vm − Vm′)/2. The vielbein Ea
m has the following form
Ea
m =

Eam Eam
Eam Eam

 =

 eam eanBnm
0 em
a

 (4.10)
⇒ Ea
mηmnEb
n = ηab , Ea
mηabEb
n = ηmn , ηab = ηmn =

 0 1
1 0


Ea
mηˆabEb
n =

 Gmn GmlBln
BmlG
lb Gmn −BmlG
lkBkn

 , ηˆab =

 1 0
0 1

 .
The general coordinate transformations of ea
m and Bmn are given by δξEˆ = i[Eˆ, ξ
m
⊲˚m]T
as
δξea
m = Daξ
m − ξn∂nea
m − ea
n∂mξn + ωa
mlξl
δξBmn = ∂[mξn] − ξ
l∂lBmn − e[m
l∂n]ξl (4.11)
The gauge parameters are ξm = (ξm, ξm) where ξm is the B field gauge parameter. The
NS-NS field strength is ωabc = FNS;abc =
1
2∂[aBbc], while ω
a
bc ∼ e(∂e)e is the usual part.
Gravitino and dilatino fields are included in EaΩ as em
aEa
µ = ψm
µ + (γmλ)
µ.
The R-R gauge field is em
aEa = CRR;m
µν′ , where two spinor indices Cµν
′
are expanded
by odd/even number antisymmetric gamma matrices for type IIB/IIA. The gauge transfor-
mation of the R-R gauge field is generated by δΛEˆ = i[Eˆ,Λ
µν′
⊲˚µν′ ]T with Λ = Λ
Υ = Λµν
′
as
Λ = Λµν
′
=
∑
p=odd
Λn1···np(τi)12(γ
n1···np)αβ with
{
τi = τ1 for p = 1, 5
τi = iτ2 for p = 3
em
aEa = CRR;m
µν′ =
∑
p=even
(CRR)mn1···np(τi)12(γ
n1···np)µν
δCRR
µν′
m = ∂mΛ
µν′ ⇒ δCRRmn1···np = ∂[mΛn1···np] . (4.12)
Local supersymmetry transformations are generated by δεEˆ = i[Eˆ, ε
µ
⊲˚µ]T with pa-
rameters εµ = (εµ, εµ
′
) in the first order of fermionic fields as
δεea
m = −Baµ∂
mεµ + ψa
µ(γmε)µ
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δεBmn = −B[m|µ∂|n]ε
µ + ψ[m
µ(γn]ε)µ − ψ[m
µ′(γn]ε)µ′
δεCRRm
µν′ =
1
2
ψm
(µεν
′) +
1
2
(λγm)
(µεν
′) −
1
2
(E µ(γmε)µ − E
µ′(γmε)µ′)
δεψm
µ =
1
2
(
Dmε
µ + ωm
nl(γnlε)
µ − Eµν∂mε
ν + FNS
µν(γmε)ν + FRR
µν′(γmε)ν′
)
δεψm
µ′ =
1
2
(
Dmε
µ′ − ωm
n′l′(γn′l′ε)
µ′ − Eµ
′
ν∂mε
ν + FNS
µ′ν′(γmε)ν′ + FRR
µ′ν(γmε)ν
)
δεE = E
(µεν
′)
δεE
µ = δεE
νν′;µ = CRRm
νν′∂mεµ + E mn(γmnε)
µ − Eµ(νεν
′)
It is noted that spinor indices are denoted by µ,ν,···, since our flat Lorentz indices are denoted
by Smn and Sm′n′ . But later
α,β,··· is used after gauge fixing Smn = Sab and Sm′n′ = Sa′b′ .
From the supersymmetry transformation of CRRm
µν′ , E Ω turns out to include dilatino
λ. It is also derived that E include dilaton φ from its supersymmetry transformation
rule. Unlike the case of type II superspace without Υµν′ , the dilaton and the dilatino
are included in vielbein field without introducing Tˆ constraint which is obtained from the
integral measure factor.
From the supersymmetry transformation rule of the gravitinos EΩΩ are identified with
NS-NS and R-R gauge field strengths, EΩΩ = ENS
µν and EΩΩ′ = ERR
µν′ as same as before.
In addition to this the R-R gauge field strengths are included in E Σ = FRR
αβ′cd from the
supersymmetry transformation of the dilatino in E Ω. The R-R field strength FRR appears
in {⊲α, ⊲β′}, so Tαβ′Σ and Taα
β′ are related by the Bianchi identity. These torsions were
not zero without central extension, but they are absorbed by vielbein as Tαβ′Σ = fαβ EΥΣ
and Taα
β′ = faαγE
γβ′ .
As a result vielbein fields are identified to supergravity multiplets from Bianchi iden-
tities, torsion constraints and gauge transformations as follows:
type II string field fields (dim.)
gravitational metric e(am) = E(am), eα
µ = EαΩ(0)
B fields Bαµ = Eαµ(−1), Baµ = Eaµ(−
1
2), Bam = E[am](0)
C fields Cα
µν′ = Eα (−
1
2), C
RR
a
µν′ = Ea (0)
dilaton ϕ = E (0)
dilatino λµ = E Ω, EaΩ(
1
2)
gravitino ψa
µ = EaΩ(
1
2)
superconnections ωα
mn = EαΣ(
1
2), ωα
mn = EaΣ(1), ω
αmn = EΩΣ(
3
2)
NS−NS field strength FNS
[µν], FNS
[µ′ν′] = E[ΩΩ], E[aΣ](1)
R−R field strength FRR
µν′ = EΩΩ′ , E Σ(1)
covariance compensator rabmn = EΣΣ(2)
(4.13)
– 13 –
J
H
E
P
0
2
(
2
0
1
5
)
1
3
4
4.3 Linearized solution
The vielbein in a weak field expansion with lower indices, EAM = EA
NηNM , are written as
EAM = ηAM +HA
BηBM ⇒ HAB = HA
CηCB =
1
2
H[AB) .
Coordinates corresponding to Lorentz symmetries and the R-R central charge are auxiliary
coordinates, so it is possible to choose ESM = ηSM and EΥM = ηΥM . The vielbein fields
given by (4.13) in linearized level are also denoted as
Dβ Pb
ββ′ Ωβ Σbd
HAB =
Dα
Pa
αα′
Ωα
Σac


Bαβ −Baα −Cα
ββ′ hα
β ωα
bd
Baβ hab, Bab CRRa
ββ′ ψa
β , λ ωa
bd, FNS
Cβ
αα′ −CRR
αα′
b φ λ FRR
αα′bd
hαβ −ψb
α, λ λ F
αβ
NS , F
αβ′
RR ω
αbd
−ωβ
ac −ωb
ac, FNS −FRR
ββ′ac −ωβac racbd


(4.14)
Torsions in linearized level are given by
TABC =
1
2
(
D[AHBC]) −H[A
DfBC]D
)
(4.15)
where DA is a flat space covariant derivative. The generalized gauge transformations are
δΛHAB = D[AΛB) − Λ
CfCAB . (4.16)
Let us solve torsion constraints given by (4.7) in the linearized level. Although there
are new torsions appeared by the central extension with indices Υ and , many torsion
constraints whose indices do not include Υ and are the same as the previous paper [18] as;
TABC =
1
2
(
D[AHBC] +H[A
DfD|BC] +H[A|Υf |BC] +H[A| fΥ|BC]
)
=
1
2
(
D[AHBC] +H[A
DfD|BC]
)
, A 6=Υ,
because of HΥA = fΥAB = 0. Torsions with two Υ indices are zero because of the same
reason
TAΥΥ =
1
2
(
D[AHΥΥ] +H[A
DfD|ΥΥ]
)
= 0 .
Therefore nontrivial new torsions are
TΥAB, TΥ A, TΥ , T AB, T A, T for A,B 6=Υ, (4.17)
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New torsion constraints involving Υ and indices are solved in linearized level:
dim torsion constraints ⇒ field
0 TαβΥ = 0 DΥBαβ = 0
Tαβ = 0 C
RR
a
γγ′ = −D(αCβ)
γγ′(γa)
αβ − hα
γ′(γa)
αγ
Tαβ′ = fαβ′ hα
γfβ′γ − hβ′
γ′fαγ′ = D(αCβ′)
1
2 TαbΥ = 0 DΥBαb = 0
TαΥ = 0 ωαΣ = −DΥCα
Tαa = 0 ψa
β′fαβ′ +H
β(γa)αβ = DαC
RR
a −DaCα
Tαa′ = 0 ψa′
β′fαβ′ = −DαC
RR
a′ +Da′Cα
Tα = 0 H[ |
β′fαβ′| ] = DαH
1 TαΥ
β = 0 DΥh
βα = 0
TabΥ = 0 DΥhab = 0
TaΥ = 0 ωaΣ = −DΥC
RR
a
TΥ = 0 FRR Σ = DΥH
Tα
β = 0 FRR
ab(γab)
β
α − FRR
ββ′fαβ′ = −DαH
β
Tα
β′ = 0 FNS
αβ′fαβ′ = −DαH
β′
Tab = 0 FRR ab = −D[aC
RR
b]
Tab′ = 0 D[aC
RR
b′] = 0
Ta = 0 DaH = 0
3/2 TaΥ
β′ = 0 DΥψa
β′ = 0
TΥ
β = 0 ωβΣfSΥ = DΥH
β
Ta
β = 0 DaH
β = 0
Tα Σ = 0 ω
β′ab = DαFRR
αβ′ab
2 TΥ
αβ = 0 DΥFNS
αβ = 0
TaΥΣ = 0 DΥωa
bc = 0
(4.18)
where we assumed DΣE = DΩE = D E = 0 as a simple expression although it is not
necessary.
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5 Green-Schwarz superstring action
In this section we write down actions for strings in the manifestly T-duality formalism.
The Wess-Zumino terms are written by bilinear combination of left-invariant local currents.
Equations of motion are chirally separated.
5.1 Action
For a graded Lie algebra GM
[GM , GN} = ifMN
KGK , (5.1)
the left-invariant current J is written as
g−1(dg) = J , dJ = −J ∧ J
J = iJMGM , dJ
M = −
1
2
JK ∧ JNfNK
M .
It is related to the covariant derivative as
g−1(dg) = idZMEM
AGA , ∇A =
1
i
EA
M∂M . (5.2)
It is convenient to classify the left-invariant currents by the canonical dimensions of gen-
erators denoted by s, where they satisfy following Maurer-Cartan (MC) equations for
left-invariant currents
J =
2∑
s=0
J[s] , dJ[s] = −
s∑
t=0
J[s−t] ∧ J[t] . (5.3)
Right-invariant currents are decomposed as follows and they satisfy the following MC
equations for j
(dg)g−1 = j , dj = j ∧ j
j[s] ≡ gJ[s]g
−1 , j =
2∑
s=0
j[s] , dj[s] = j ∧ j[s] + j[s] ∧ j −
s∑
t=0
j[s−t] ∧ j[t] . (5.4)
It is noted that j[s] does not have a definite dimension s, but it may contain several
generators with different dimension s.
We introduce three kinds of traces;
trace rank reference eq.
tr
(
GMGN
)
= ηMN nondegenerate, ηMNη
NL = δ
L
M (2.2)
tˆr
(
GMGN
)
≡ ηˆMN not always nondegenerate (3.11)
trB
(
GMGN
)
≡ ηMN |M∈I˜,N∈I almost half − rank (2.1)
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Three kinds of “traces” are non-vanishing only if dim(GM ) + dim(GN ) = 2. Indices I and
I˜ are classified in (2.1). Cyclicity holds for tr(gh)=tr(hg). The structure constant with
lower indices is totally graded-antisymmetric
tr
(
[GM , GN}GK
)
= ifMNK ,
which are nonvanishing only if dim (GM ) + dim(GN ) + dim(GK) = 2.
We propose the following Green-Schwarz action in manifestly T-duality formalism,
I =
∫
dτdσ [L0 + LWZ] (5.5)
L0 =
1
2
J
M
[1] ∧ ∗J
N
[1] ηˆMN = −
1
2
tˆr J[1] ∧ ∗J[1]
LWZ =
K
2
JM ∧ JNBMN = K
1∑
s=0
J J˜[2−s] ∧ J
I
[s] ηI˜J = −K
1∑
s=0
trB J[2−s] ∧ J[s] .
with K = ±1. The BMN fields in flat space are graded antisymmetric constants as
BMN =
1
2
B[MN) =


ηMN · · ·M∈I˜,N∈I
−ηMN · · ·M∈I,N∈I˜
0 · · ·MN∈I
. (5.6)
Even for a bosonic string it is useful to include the Wess-Zumino term with respect to fluxes
corresponding to structure constants of the nondegenerate algebra. Currents included in
the Wess-Zumino term do not appear in the kinetic term L0, so they are auxiliary de-
grees of freedom. Dimensional reduction constraints are imposed to remove these auxiliary
coordinates.
Let us evaluate the exterior derivative of the Wess-Zumino term ;
dLWZ = −d
(
K
1∑
s=0
trB J[2−s] ∧ J[s]
)
= −K
1∑
s=0
trB
(
dJ[2−s] ∧ J[s] − J[2−s] ∧ dJ[s]
)
= −K
1∑
s=0
trB
(
−
2−s∑
t=0
J[2−s−t] ∧ J[t] ∧ J[s] +
s∑
t=0
J[2−s] ∧ J[s−t] ∧ J[t]
)
= K
[
1
3
tr J ∧ J ∧ J + trB
(
1∑
t= 1
2
J[1] ∧ J[1−t] ∧ J[t]
)]
. (5.7)
The Wess-Zumino term is Chevalley-Eilenberg cohomology trivial in the centrally extended
algebra, while non-trivial in usual case. The usual Green-Schwarz superstring action has
only second term in the right hand side of (5.7), where the Wess-Zumino term cannot be
written down in bilinear form of the currents locally in 2-dimensional worldsheet. The first
term in (5.7) gives all fluxes corresponding to structure constants of the global symmetry
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algebra. It turns out that this term makes (5.7) exact three form and the Wess-Zumino
term is obtained in the bilinear of currents as in (5.5).
Under an arbitrary variation the left-invariant current becomes
δJ = δ(g−1dg) = g−1(d∆)g , ∆ = δgg−1 . (5.8)
The variation of the first term of (5.7) is total derivative written in terms of one form
currents as
δ
1
3
tr J ∧ J ∧ J = −d
(
tr (∆ dj)
)
, (5.9)
which gives a contribution of current divergence to an equation of motion.
We take variation of the local form of the Wess-Zumino term in (5.5) directly:
δLWZ = KtrB ∆
1∑
s=0
d(j[2−s] − j[s])
= K
[
tr∆(−dj +
∑
0<t<2
∑
0<r<t
j[t−r] ∧ j[r]) + trB∆
1∑
s>0
d(j[2−s] − j[s])
]
(5.10)
The variation of the kinetic term becomes
δL0 = tˆr
[
∆ d ∗ j[1]
]
. (5.11)
5.2 T-dual bosonic string
One form currents of a bosonic string are denoted by
J[0] = {S, S
′} , J[1] = {P, P
′} , J[2] = {Σ, Σ
′}
j[0] = {s, s
′} , j[1] = {p, p
′} , j[2] = {σ, σ
′}
j = s+ p+ σ , j′ = s′ + p′ + σ′ (5.12)
For cases where two sets of algebras are decoupled, J and J ′, j and j′ are functions only on
ZM and ZM
′
because of g = g(ZM )g(ZM
′
) = g(ZM
′
)g(ZM ). The left-invariant currents
satisfy the following MC equations
g−1dg = J + J ′
J = S + P +Σ, J ′ = S′ + P ′ +Σ′

dS = −S ∧ S
dP = −P ∧ S − S ∧ P
dΣ = −Σ ∧ S − S ∧ Σ− P ∧ P
0 = P ∧ Σ+ Σ ∧ P = Σ ∧ Σ
,


dS′ = −S′ ∧ S′
dP ′ = −P ′ ∧ S′ − S′ ∧ P ′
dΣ′ = −Σ′ ∧ S′ − S′ ∧ Σ′ − P ′ ∧ P ′
0 = P ′ ∧ Σ′ +Σ′ ∧ P ′ = Σ′ ∧ Σ′
(5.13)
Components of the right invariant current satisfy the following MC equations
(dg)g−1 = j + j′
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j = s+ p+ σ, j′ = s′ + p′ + σ′

ds = j ∧ j − p ∧ p
dp = 2p ∧ p
dσ = −p ∧ p
0 = p ∧ σ + σ ∧ p = σ ∧ σ
,


ds′ = j′ ∧ j′ − p′ ∧ p′
dp′ = 2p′ ∧ p′
dσ′ = −p′ ∧ p′
0 = p′ ∧ σ′ + σ′ ∧ p′ = σ′ ∧ σ′
(5.14)
An action for a bosonic string in the manifestly T-duality formalism is given by
L0 = −
1
2
tˆr
[
P ∧ ∗P + P ′ ∧ ∗P ′
]
= −
1
2
Tr
[
P ∧ ∗P + P ′ ∧ ∗P ′
]
LWZ = −KtrB
[
Σ ∧ S +Σ′ ∧ S′
]
= −KTr
[
Σ ∧ S − Σ′ ∧ S′
]
(5.15)
with Tr(GMGN ) = ηMN and Tr(GM ′GN ′) = |ηM ′N ′ |. From the MC equation (5.14)
d(j[2] − j[0]) = d(σ − s+ σ
′ − s′) = − d(j + j′) , (5.16)
the variation of the action is given by
δL0 = tˆr
[
∆ d ∗ (p+ p′)
]
= Tr
[
∆ d ∗ (p+ p′)
]
δLWZ = −K tr
[
∆ d(j + j′)
]
= −K Tr
[
∆ d(j − j′)
]
(5.17)
with ∗∗ = 1. As a result the equation of motion is given by
d ∗
(
p−K ∗ (p+ σ + s)
)
= 0 , d ∗
(
p′ +K ∗ (p′ + σ′ + s′)
)
= 0 (5.18)
or equivalently
∂i
(
pi −Kǫij(p+ σ + s)j
)
= 0 , ∂i
(
p′i +Kǫij(p′ + σ′ + s′)j
)
= 0 , i,j=τ,σ.
Since left and right sets are decoupled, the left and the right coordinates satisfy equations
of motion independently. The nondegenerate metric ηMN has opposite signatures for left
and right coordinates, so the coefficients of the Wess-Zumino term have opposite signs for
left and right sectors. The equations of motions for left and right sectors become different
chirality with ∂± = ∂σ ± ∂τ and j± = jσ ± jτ as
K = −1 ⇒


∂+
(
p− +
1
2(s− + σ−)
)
− 12∂−(s+ + σ+) = 0
∂−
(
p′+ +
1
2(s
′
+ + σ
′
+)
)
− 12∂+(s
′
− + σ
′
−) = 0
or (5.19)
K = 1 ⇒


∂−
(
p+ +
1
2(s+ + σ+)
)
− 12∂+(s− + σ−) = 0
∂+
(
p′− +
1
2(s
′
− + σ
′
−)
)
− 12∂−(s
′
+ + σ
′
+) = 0
Since coordinates of Lorentz symmetry Smn, Sm′n′ and their nondegenerate partners Σ
mn,
Σm
′n′ do not have kinetic terms, their coordinates are auxiliary variables. For a coset
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space Poincare´/Lorentz, Smn = Sm′n′ = 0 are coset constraints and Σ˜
mn and Σ˜m
′n′ are
also constrained as gauge fields [42–44]. From the algebra (2.6) both Smn = 0 and Σmn = 0
are not first class constraints, but Smn = 0 and the symmetry generator Σ˜
µν′ = 0 are first
class constraints where symmetry generators commute with covariant derivatives. Then
currents J[0] = S, S
′ and j[2] = σ, σ
′ are gauged away as gauge fixing conditions. Details
are discussed in another paper [48]. Then left/right currents pi and p
′
i are essentially chiral
currents, e.g. p+ = ∂+x and p
′
− = ∂−x
′ in flat space for K = 1. Equation of motion for
bosonic coordinates are ∂−p+ = ∂− (∂+x) = 0 and ∂+p− = ∂+ (∂−x
′) = 0. The dimensional
reduction condition reduces double coordinates into the usual one, for example p− p′ = 0
and X = x+ x′, then equations of motion reduce into the usual one, ∂+∂−X = 0.
5.3 Type II superstring
For a type II superstring one form currents of the nondegenerate super-Poincare´ algebra
are denoted by
J[0] = {S, S
′} , J[ 1
2
] = {D, D
′} , J[1] = {P, P
′} , J[ 3
2
] = {Ω,Ω
′} , J[2] = {Σ, Σ
′}
j[0] = {s, s
′} , j[ 1
2
] = {d, d
′} , j[1] = {p, p
′} , j[ 3
2
] = {ω, ω
′} , j[2] = {σ, σ
′} .
The left-invariant currents and the MC equations are
g−1dg = J + J ′
J = S +D + P +Ω+ Σ , J ′ = S′ +D′ + P ′ +Ω′ +Σ′
dS = −S ∧ S
dD = −S ∧D −D ∧ S
dP = −S ∧ P − P ∧ S −D ∧D
dΩ = −S ∧ Ω− Ω ∧ S −D ∧ P − P ∧D
dΣ = −S ∧ Σ− Σ ∧ S −D ∧ Ω− Ω ∧D − P ∧ P (5.20)
0 = Σ ∧ Σ = Σ ∧ Ω+ Ω ∧ Σ = Σ ∧ P + P ∧ Σ
= Σ ∧D +D ∧ Σ = Ω ∧ Ω = Ω ∧ P + P ∧ Ω .
The MC equations for primed left-invariant currents are the same as above. Decomposed
right-invariant currents and the MC equations are
(dg)g−1 = j + j′
j = s+ d + p+ ω + σ , j′ = s′ + d′ + p′ + ω′ + σ′
ds = j ∧ j − p ∧ p− d ∧ d− d ∧ (p+ ω)− (p+ ω) ∧ d
dd = 2d ∧ d + d ∧ (p+ ω) + (p+ ω) ∧ d
dp = −d ∧ d + 2p ∧ p+ d ∧ p+ p ∧ d
dω = d ∧ (−p+ ω) + (−p+ ω) ∧ d
dσ = −p ∧ p− d ∧ ω − ω ∧ d
0 = σ ∧ σ = σ ∧ ω + ω ∧ σ = σ ∧ p+ p ∧ σ
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= σ ∧ d + d ∧ σ = ω ∧ ω = ω ∧ p+ p ∧ ω . (5.21)
The MC equations for primed ones are the same as the above with replacing unprimed
indices with primed indices.
An action for a superstring in the manifestly T-duality formalism is given by
L0 = −
1
2
tˆr
[
P ∧ ∗P + P ′ ∧ ∗P ′
]
= −
1
2
Tr
[
P ∧ ∗P + P ′ ∧ ∗P ′
]
LWZ = −KtrB
[
Σ ∧ S +Ω ∧D +Σ′ ∧ S′ +Ω′ ∧D′
]
= −KTr
[
Σ ∧ S +Ω ∧D − Σ′ ∧ S′ − Ω′ ∧D′
]
. (5.22)
From the MC equations in (5.21)
d(σ − s+ ω − d) = −j ∧ j − d ∧ d− p ∧ d− d ∧ p
= −d
(
j +
1
2
(−ω + d)
)
= −d
(
p+
3
2
d +
1
2
ω + s+ σ
)
, (5.23)
the equation of motion is obtained as
d ∗ jN = 0 , jN = p−K ∗ (p+
3
2
d +
1
2
ω + s+ σ)
d ∗ j′N = 0 , j
′
N = p
′ +K ∗
(
p′ +
3
2
d′ +
1
2
ω′ + s′ + σ′
)
(5.24)
Similar structure was obtained for a superstring in the AdS space in [42–45]. Since two sets
of algebras are decoupled, equations of motion for double coordinates are also decoupled as;
K = −1 ⇒

∂+
(
p− +
1
2(s− + σ− +
3
2d− +
1
2ω−)
)
− 12∂−(s+ + σ+ +
3
2d+ +
1
2ω+) = 0
∂−
(
p′+ +
1
2(s
′
+ + σ
′
+ +
3
2d
′
+ +
1
2ω
′
+)
)
− 12∂+(s
′
− + σ
′
− +
3
2d
′
− +
1
2ω
′
−) = 0
or (5.25)
K = 1 ⇒

∂−
(
p+ +
1
2(s+ + σ+ +
3
2d+ +
1
2ω+)
)
− 12∂+(s− + σ− +
3
2d− +
1
2ω−) = 0
∂+
(
p′− +
1
2(s
′
− + σ
′
− +
3
2d
′
− +
1
2ω
′
−)
)
− 12∂−(s
′
+ + σ
′
+ +
3
2d
′
+ +
1
2ω
′
+) = 0
For K = 1 the same dimensional reduction conditions as the previous subsection,
S = S′ = 0 and σ = σ′ = 0, are imposed. It is possible to choose chiral gauge d− = ω− = 0
and d′+ = ω
′
+ = 0 as shown in [46, 47]. Equations of motion are chiral in this gauge,
∂−jN = 0 and ∂+j
′
N = 0.
The equations of motion in flat space are the followings. The following lightcone gauge
is imposed,
x+ = x+0 + p
+(σ + τ) , x′+ = x′+0 + p
+(σ − τ) , γ+θ = γ+θ′ = 0 , (5.26)
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with constant p+. Then the left/right conserved currents in (5.24) become chiral currents,
∂+tr(jNP⊥m) = 0 ⇒ ∂+(∂−x
⊥m) = 0 , ∂+tr(jNDµ) = 0 ⇒ ∂+(p
+γ−θ)µ = 0
∂−tr(j
′
NP⊥m′) = 0 ⇒ ∂−(∂−x
⊥m′) = 0 , ∂−tr(j
′
NDµ′) = 0 ⇒ ∂−(p
+γ−θ′)µ′ = 0 .
The dimensional reduction condition reduces x and x′ into the usual one, for example
X = x+ x′, then equations of motion reduce into the usual one
∂+∂−X
⊥m = 0 , ∂+θ
⊥µ = 0 , ∂−θ
⊥µ′ = 0 (5.27)
for the lightcone variables X⊥m, θ⊥µ, θ⊥µ
′
.
5.4 Type II superstring with R-R extension
In this subsection we include the R-R central charges Υ and . For the nondegenerate type
II super-Poincare´ algebra with R-R central charge we use following notation of currents
J[0]={S, S
′} , J[ 1
2
]={D, D
′} , J[1]={P, P
′,Υ, } , J[ 3
2
]={Ω,Ω
′} , J[2]={Σ, Σ
′}
j[0]={s, s
′} , j[ 1
2
]={d, d
′} , j[1]={p, p
′, u, f} , j[ 3
2
]={ω, ω
′} , j[2]={σ, σ
′} .
The left-invariant currents and the MC equations are
g−1dg = J + J ′ +Υ+
J = S +D + P +Ω+ Σ , J ′ = S′ +D′ + P ′ +Ω′ +Σ′
dS = −S ∧ S
dD = −S ∧D −D ∧ S
dP = −S ∧ P − P ∧ S −D ∧D
dΩ = −S ∧ Ω− Ω ∧ S −D ∧ P − P ∧D −D′ ∧ − ∧D′
dΣ = −S ∧ Σ− Σ ∧ S −D ∧ Ω− Ω ∧D − P ∧ P −
1
2
∧Υ−
1
2
Υ ∧ (5.28)
dΥ = −(S + S′) ∧Υ−Υ ∧ (S + S′)−D ∧D′ −D′ ∧D
d = −(S + S′) ∧ − ∧ (S + S′)
0 = Σ ∧ Σ = Σ ∧ Ω+ Ω ∧ Σ = Σ ∧ P + P ∧ Σ = Σ ∧Υ+Υ ∧ Σ = Σ ∧ + ∧ Σ
= Σ ∧D +D ∧ Σ = Ω ∧ Ω = Ω ∧ P + P ∧ Ω = Ω ∧Υ+Υ ∧ Ω = Ω ∧ + ∧ Ω .
The MC equations for primed left-invariant currents are same as the above with replacing
unprimed indices with primed indices. Decomposed right-invariant currents and the MC
equations are
(dg)g−1 = j + j′ + u+ f
j = s+ d + p+ ω + σ , j′ = s′ + d′ + p′ + ω′ + σ′
ds = j ∧ j − p ∧ p− d ∧ d− d ∧ (p+ ω)− (p+ ω) ∧ d + s ∧ (u+ f) + (u+ f) ∧ s
dd = 2d ∧ d + d ∧ (p+ ω + d′ + f) + (p+ ω + d′ + f) ∧ d
dp = −d ∧ d + 2p ∧ p+ d ∧ p+ p ∧ d
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dω = d ∧ (−p+ ω) + (−p+ ω) ∧ d− d′ ∧ f − f ∧ d′
dσ = −p ∧ p− d ∧ ω − ω ∧ d−
1
2
u ∧ f −
1
2
f ∧ u (5.29)
du = −d ∧ d′ − d′ ∧ d + u ∧ f + f ∧ u
df = (d + d′) ∧ f + f ∧ (d + d′) + u ∧ f + f ∧ u
0 = σ ∧ σ = σ ∧ ω + ω ∧ σ = σ ∧ p+ p ∧ σ = σ ∧ u+ u ∧ σ = σ ∧ f + f ∧ σ
= σ ∧ d + d ∧ σ = ω ∧ ω = ω ∧ p+ p ∧ ω = ω ∧ u+ u ∧ ω = ω ∧ f + f ∧ ω .
The MC equations for primed decomposed right-invariant currents are same as the above
with replacing unprimed indices with primed indices.
An action for a superstring in manifestly T-duality formalism is given by
L0 = −
1
2
tˆr
[
P ∧ ∗P + P ′ ∧ ∗P ′
]
= −
1
2
Tr
[
P ∧ ∗P + P ′ ∧ ∗P ′
]
LWZ = −KtrB
[
Σ ∧ S +Ω ∧D +Σ′ ∧ S′ +Ω′ ∧D′ + ∧Υ
]
= −KTr
[
Σ ∧ S +Ω ∧D − Σ′ ∧ S′ − Ω′ ∧D′ + ∧Υ
]
. (5.30)
From the MC equations in (5.29)
tr∆d(σ − s+ ω − d + σ′ − s′ + ω′ − d′ + f − u)
= −tr∆d
(
j + j′ +
1
2
(−ω + d− ω′ + d′) + 2u
)
= −tr∆d
(
p+
3
2
d +
1
2
ω + s+ σ + p′ +
3
2
d′ +
1
2
ω′ + s′ + σ′ + 2u
)
, (5.31)
the equation of motion is obtained as
tr∆ d ∗
(
p+ p′ −K ∗
(
p+
3
2
d+
1
2
ω+ s+ σ+ p′ +
3
2
d′ +
1
2
ω′ + s′ + σ′ +2u
))
= 0 (5.32)
After imposing the constraint Υ = 0 leading to u = 0 in addition to S = S′ = 0 and
σ = σ′ = 0 constraints, equations of motion reduces to the one obtained in (5.25).
6 Conclusions and discussions
We present a superspace formulation of type II superstring background with manifest
T-duality symmetry including R-R gauge fields. The nondegenerate super-Poincare´ affine
algebra with the central extension is given in (2.6) and (2.7) to define the superspace.
The κ-symmetric Virasoro constraints are obtained. It determines torsion constraints
confirming the consistency with the Bianchi identities. Obtained torsion constraints are
much simpler than the previous case [18]: all torsions with dimension 1 and less are
trivial. The vielbein superfield EAM is identified with the supergravity multiplet. The
R-R gauge fields are CRRa
αα′ = Ea and R-R gauge field strengths are FRR
αα′bc = E Σ
as well as FRR
αβ′ = EΩΩ′ , while NS-NS gauge field strengths are FNSa
bc = EaΣ as well as
FNS
αβ = EΩΩ and FNS
α′β′ = EΩ′Ω′ .
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A Green-Schwarz superstring action is given where the Wess-Zumino term is written
by bilinears of left-invariant currents locally. Therefore the Noether current is obtained
easily. Left and right moving currents are separated by the auxiliary Lorentz coordinates.
Auxiliary degrees of freedom of the space are removed by dimensional reduction conditions
in addition to the section condition.
It is also possible to write down an action in the Hamiltonian formalism for a super-
string in manifestly T-duality formalism with manifest κ symmetry is given as
L = ∂τZ
M∂M − χτHτ − χσHσ − χαB
α − χα′B
α′
−χ1C − χ2D − χ3C
′ − χ4D + χSS + χS′S
′ + χΥΥ (6.1)
χ’s are all multipliers of the constraints. The section condition and the strong condition
in the doubled coordinate space are
∂M∂M Ψ(Z
L) = ∂MΦ(ZL) ∂MΨ(Z
L) = 0 (6.2)
for physical states Φ(ZL) and Ψ(ZL).
There are many interesting questions which should be clarified such as structure of
supersymmetric AdS space, branes and exotic branes in the superspace and the appearance
of the minimum length.
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